this report, we construct correction coefficients to obtain high-order trapezoidal quadrature rules to evaluate two-dimensional integrals with a logarithmic singularity of the form
INTRODUCTION
Sonle important mathematical models of a physical problem in integral of the form ,.
2-D involve the evaluation of an
D where 21 is a C" function defined on the whole plane R*, and the domain D is a square containing the point (0,O) of singularity. An example where an integral of type (1) appears is the LippmannSchwinger equation of the scattering problem associated with the Helmholtz equation in 2-D (see [2] for example).
A stable, accurate, and efficient evaluation of integral (1) is desirable to approximate the solution efficiently in such applications.
In [l] it is described a corrected trapezoidal quadrature rule to approximate integrals with a logarithmic singularity in 1-D. The method we use is a generalization of the method of central corrections of [I] . An important feature of these quadrature rules is that they remain stable for very high orders (see [I] ). Another feature is that the correction added to the trapezoidal rule involves a weighted sum of a few wiues of P, where the weights are independent of the number of points used to discretize the square L) (assuming that the sampling points are distributed uniformly on D). In some instances the function u has compact support contained in D; this produces some reduction in the computational cost. This important caSe is also described.
DEFINITIONS AND NOTATION
In this section, we describe the definitions and notation that will be used in this work. 
Therefore, our goal is to approximate the integral J(v) = ~f(X~9)dXd~ J using a corrected trapezoidal rule. We first discretize the square D = [al, bl] x [a~, bg] using a uniform grid containing n points on each side. Thus, h = (bl -ul)/(n -1) is the distance between sampling points, and the square D is discretized using the n2 grid points (f-9
As it is well known, if the function g has 712 continuous derivatives and if either g is periodic in R2 with period equal to the length of each side of the square D or if g has compact support contained in f), then it follows from the Euler-~~aclaurin summation formula (see [Hi] ) that Thfg) converges to the integral ID g(x, y) dxdy at the rate
If g is either nonsmooth
or nonperiodic then J, g(r. y) dxdy -Z"h(g) is at most O(h2>. Since the type of functions f we want to integrate in this report are both nonperiodic and singular (with a logarithmic singularity), there will be two types of corrections to the trapezoidal rule.
(1) Bovndaq correction to account for the nonperiodicity of f, (2) ~ogu7~th~~c correction to account for the lo~arithnlic singularity of f at (0,O).
We will specify in the next section both types of corrections. In the remaining of this section, we will describe some definitions and notation used by the logarithmic correction. Let {P,,j} be the set of grid point that discretize D (see formula (4)). Assuming that (0,O) is one grid point, we can extend the set of grid points {Pi.j } to the whole plane by defining
Consider now a partition of the set of grid points G into groups according to their distance to the origin: two grid points (plh,qlh) and (p2h,q~h) belong to the same group if they are located at the same distance from the origin, p: + qf = pz + qz (see Figure 1) . Each group contains exactly one grid point (sh, th) such that the integers s and t satisfy s > 0 and 0 5 t < s; such group will be designated as the rtl' group, where r and the grid point (sh, th) are related by the formula
We will denote the rth group by G, or by Gc,.~) (see Figure 1 ). the monomial function In the next sections, we will use the previous notation and definitions to describe a corrected trapezoidal rule that approximates integral (1).
BOUNDARY AND LOGARITHMIC CORRECTION
The corrected trapezoidal rule with a logarithmic singularity requires two type of corrections. The first correction is on the boundary of the domain D; this correction is used when the integrand f of (1) is nonperiodic.
The other type of correction is due to the singularity of logarithm at (0,O). 
where
Since i is not smooth at (O,O), the boundary corrected trapezoidal rule T&(f") gives a poor i~l~proxi~nation to integral (1). A logarithmic correction term needs to be added to the boundary correction term in order to improve the order of convergence.
This correction is described in the next section.
Logarithmic Correction
Logarithmic correction is needed due to the singularity of the function f at (0,O). This type of correction added to the boundary correction T&,,, (f) will increase the rate of convergence to the integral (1). If v is the C" function related to f by formula (2), the logarithmic correction is computed by means of a weighted sum of the values of 'u at neighboring points of (0,O). The way we define such weighted SUM is an extension to 2-D of the method of central corrections in 1-D hCas the property that where p is the largest integer such that 1 + pfp + 1)/Z 5 k. As in l-D, the correction coeffi-.
cients cl,..., ck are independent of the distance h between sampling points, independent of 2r, and independent of the square D. In order to achieve a correction of order 4 + 2p in (17) it is necessary that ~2 < 3 + 2~. On the other hand, our numerical experiments indicate that the ll~inirnuln number k of logarithmic correction coefficients needed to achieve a correction of order 4 + 2p is k = 1 + p(p + 1)/2. The integer p represents how big is the square centered at (0,O) on which the logarithmic correction is performed. More specifically, the correction is done on all grid points located in the interior of the square [-ph,ph] x [-ph,ph] plus a correction on the grid points that belong to the group Gk which are the points (O,ph), (0, -ph), (ph, 0), and (-ph, 0) when k = 1 + p(p + 1)/2 (see Figures 3 and 4) .
Correction of Functions with Compact Support
As is well known, if a function g is Ccy and g and all its derivatives vanish at the boundary of t,he square D, then it follows from the Euler-hfaclaurin summation formula that the rate of convergence of the trapezoidal rule T&(g) is superalgebraic. In this case, there in no necessity of boundary correction. Thus, if the smooth function u and its derivatives have compact support contained in D, formula (17) is simplified as
Hence, when the function v has compact support, integral (1) is approximated with the trapezoidal rule plus a local correction around the point of singularity (0,O). The order of convergence is 4 + 2p when we use k = 1 + p(p + 1)/2 coefficients for logarithmic correction, with p 2 0.
Computation of the logarithmic Correction Coefficients
To compute the first k logarithmic correction coefficients ck we take as u in equation (17) the C" monomial functions g,. defined in equations (10) 
Such solution ck approximates the vector ck of logarithmic correction coefficients. In our numerical calculation we obtained by setting h = l/20 that C: and c' agree in at least 16 digits for several values of the number k of correction coefficients (k = 1,2,4,7,1 I, 16, and 37).
The integrals J(z1,.) of the system of equations (19) are computed analytically.
The system of equations (19) is very ill-conditioned, and to obtain the correction coefficients with a precision of 16 digits, we used the LU decomposition in extended arithmetic with 100 digits of precision. The calculations where carried out using a Fortran based multiprecision system (see [G] ). According to our results, the number k of logarithmic correction coefficients of interest are of the form k = 1 + p(p + 1)/2 in order to obtain an order of convergence of 4 + 2p, where p > 0.
The logarithmic correction coefficients are tabulated below for k = 1,2,4,7,11, lG, and 37, wiving orders of convergence between 4 and 20. In the next section, we give some numerical 0 examples testing the quadratures obtained with t.he tabulated coefficients.
NUMERICAL TESTS
One interesting application of the quadrature rules (17) where r = dm, and Jo is the Bessel function of the first kind of order 0 (see [7] ). In these examples, the function 21 oscillates 50 and 100 times respectively on the interval I-n, 7r].
The minimum requirement to resolve each oscillation is to discretize using at least two points per wavelength, that is 100 and 200 points respectively on each side of the square [-r, ~1 x I--n, ?r].
For the first example, Table 2 shows the relative errors obtained with the quadratures (17) for different orders and using 11~ grid points to discretize the square [--K,K] x [-.rr,?r], and for the values 1% = 100 and 7% = 160. For the second example, the relative errors are shown in Table 3 for 12 = 200 and 11 = 300. Except for a method of order 2 (where there is no correction at all), in these examples we used a value of m for boundary correction that satisfies 171 2 3 + 2p, so that the order of the method is 4 + 2p, for p 2 0.
